Recently, Duminil-Copin and Smirnov proved a long-standing conjecture of Nienhuis that the connective constant of self-avoiding walks (SAWs) on the honeycomb lattice is 2 + √ 2. A key identity used in that proof depends on the existence of a parafermionic observable for SAWs on the honeycomb lattice. Despite the absence of a corresponding observable for SAWs on the square and triangular lattices, we show that in the limit of large lattices, some of the consequences observed on the honeycomb lattice persist on other lattices. This permits the accurate estimation, though not an exact evaluation, of certain critical amplitudes, as well as critical points, for these lattices. For the honeycomb lattice, an exact amplitude for loops is proved.
Introduction
In 2010, Duminil-Copin and Smirnov [6] proved that the critical point of honeycomb lattice self-avoiding walks (SAWs) is z c = 1/ 2 + √ 2, as conjectured by Nienhuis [17] . Their proof rested on establishing a connection between three generating functions for walks in a regular trapezoidal sublattice S T,L of the honeycomb lattice, as shown in figure 1, of width T and left-height 2L. All walks start on the half-edge a incident on the left wall labelled α.
They first identified a parafermionic observable:
Here, x is a point (specifically, the mid-point between two adjacent vertices) in the domain, σ ∈ R, z 0, and ω is a path starting at half-edge a and finishing at point x. l(ω) is the length of the path and W ω (a, x) is the winding, or total rotation in radians, when ω is traversed from a to x. In the special case z = z c = 1/ 2 + √ 2 and σ = 5/8, F satisfies half of the discrete Cauchy-Riemann equations [19] ,
(p − v)F (p) + (y − v)F (q) + (r − v)F (r)
where p, q, r are the mid-edges of the three edges incident on vertex v. By summing (1) over all vertices in S T,L , contributions from interior mid-edges cancel and we are left with a relation involving only mid-edges on the boundary of S T,L . Walks from half-edge a to the boundary fall into three classes, depending on which boundary edge they terminate at. This observation gives rise to the following three generating functions:
where the sums are over all self-avoiding walks from a to the α, β or ε,ε boundaries, respectively. Duminil-Copin and Smirnov showed that the relation involving boundary mid-edges can be written in the form
Taking the limit L → ∞, this becomes
This is now a relation linking three generating functions for SAWs in a strip of width T. Duminil-Copin and Smirnov then used this to prove Nienhuis's conjecture. In [2] , it was proved that E T (z c ) = 0, so (3) can in fact be simplified to
This modification slightly simplifies the proof of Duminil-Copin and Smirnov. This simpler identity, involving just two generating functions, raises the question as to its applicability to other two-dimensional lattices, such as the square and triangular lattices. However, it should be remarked that the critical points are not known exactly for these lattices, though high precision numerical estimates are available. The proof of Duminil-Copin and Smirnov identifying the critical point cannot be repeated for these lattices, as there is no known appropriate parafermionic observable satisfying an identity like (1) . As shown by Ikhlef and Cardy [10] , the dilute O(n) model on the square lattice does have a parafermionic observable, and this can be used to identify its critical point. In the n → 0 limit, however, that model is not the usual SAW model. For the triangular lattice we know of no appropriate parafermionic observable.
However, leaving aside considerations of discrete holomorphicity and the existence of parafermions, and motivated by a more detailed study of the width (T ) dependence of the two generating functions A T (z) and B T (z), we investigated which features of the identity (4) carry over to other two-dimensional lattices.
We did this by calculating data for the generating functions A T (z) and B T (z) in strips, for T 10 on the honeycomb lattice, for T 15 on the square lattice and for T 11 on the triangular lattice. In figure 2 , we show a plot of cos(3π/8)
, on the honeycomb lattice, showing the intersection of all curves at (z c , 1), as expected from (4).
When we repeated this calculation using the square and triangular lattice data, we found that there was no unique point of intersection, though the discrepancy was too small to be visible on a plot such as figure 2. Instead we observed a definite monotonic width dependence, described in greater detail below. We first investigated a more general form of (4), allowing the 'constants' to be width dependent. That is to say, we assumed
We fitted successive pairs of points (A T (z c ), B T (z c )) and (A T +1 (z c ), B T +1 (z c )) in order to estimate c α (T ) and c β (T ) and found a weak T dependence in both 'constants'. More significantly, however, we conjecture that
just as in the honeycomb lattice case, based on agreement to more than five significant digits for both the square and the triangular lattices. In hindsight, this is perhaps not too surprising, as the constants multiplying the two generating functions arise from the winding angle of contributing graphs, and these are independent of lattice for the two generating functions considered, being ±π rad for A(z) and 0 for B(z).
Assuming that this ratio is indeed cos(3π/8) for all lattices, we re-analysed the data with this assumption implicit. That is to say, we fitted the data to We were able to estimate both the limit lim T →∞ c(T ), which is of course lattice dependent, and also the nature of the T dependence. Putting all this together, we estimated for the square lattice
For the triangular lattice, the corresponding result is
The leading constant is expected to be sufficiently accurate so as to restrict errors to one or two places in the last quoted digit. The correction term is given as O(1/T 2 ) but that exponent is a guess based an a numerical estimate in the range (1.9, 2.1). Finally, the magnitude of that term is claimed to be accurate only to 10-20%.
This limiting behaviour as T → ∞ suggests a new numerical method for estimating the critical point. For the honeycomb lattice, the intersection point of cos(3π/8)A T (z) + B T (z) for any two distinct values of T uniquely determines z c . For the square and triangular lattices, we instead looked at the intersection point of cos(3π/8)
In this way, we estimated z c = 0.379 052 2775 ± 0.000 000 0005
for the square lattice and z c = 0.240 917 572 ± 0.000 000 005
for the triangular lattice. These estimates can be compared to the best series estimates, based on the analysis of very long polygon series, which are z c (sq) = 0.379 052 277 76 [11, 12] , with uncertainty in the last digit, and z c (tr) = 0.240 917 5745 [14] , with the similar uncertainty.
Another result proved by Beaton, de Gier and Guttmann [2] is that lim T →∞ B T (z) = B(z) = 0 for z z c . This means that, in this limit, the identity (4) further simplifies to
where
is the generating function for loops (half-plane walks which begin and end on the boundary), which is expected to behave [9] as
so (7) implies an exact value for the critical amplitude:
Correspondingly, highly accurate predictions for this amplitude for the square and triangular lattices follow from (5) and (6) We remark that, as discussed below, we have normalized these generating functions differently for these two lattices, so please note details of the normalization before using these estimates. Finally, we studied the behaviour of the two generating functions as T → ∞. We found
α , where α ≈ 0.25. This is precisely as predicted in [6] , based on conjectures of Lawler et al [15] as to the number of SAWs on the boundary of a domain. In [6] , it was pointed out that the conjecture implies that B T (z c ) should decay as T −1/4 as T goes to infinity, just as we observed.
Similarly, we can investigate howÃ T (z c ) = A T (z c ) − a 0 decays as T tends to infinity. From (4) it follows thatÃ T (z c ) also decays like T −1/4 and this was observed numerically.
Honeycomb lattice
The original identity of Duminil-Copin and Smirnov related three distinct generating functions for SAWs in a finite domain. Letting the length L of the domain become unbounded changes the domain into a strip of finite width T. As proved in [2] , the generating function E T (z) vanishes identically in that limit, so one has an identity relating two generating functions:
The generating functions A T (z) and B T (z) for T finite are rational. For example, 
These generating functions have simple poles, the dominant pole being at [18] . Duminil-Copin and Smirnov proved that the unique solution of
for any T 0, occurs at z = z c = 1/ 2 + √ 2. It follows then that we could work backwards: given only the simple rational generating functions A 0 (z) and B 0 (z), we could identify the exact value of z c simply by seeking the solution of
If we did not already know z c , this would be a particularly simple way to find it.
In a further demonstration of this invariant, we show in figure 2 a plot of cos(3π/8) 10] , where it can be seen that the curves intersect at (z c , 1), in accordance with the identity (8) .
Let us assume that we did not even know the Duminil-Copin and Smirnov identity (8), but rather just conjectured that some linear combination of A T (z c ) and B T (z c ) was invariant. We write this invariant as λA T (z c ) + B T (z c ). Then, by seeking the solutions, for z > 0, λ > 0 of the equations
we could discover both the invariant and the exact value of the critical point from the exact solutions for strips of width 0, 1 and 2 given above.
As we show below, this suggests a way to approximate z c for other lattices by similar means. We first show that, for other lattices, an appropriate linear combination of A T (z) and B T (z) approaches a limit as T → ∞ and use this observation to estimate the critical point for the square and triangular lattices.
Letting the width go to infinity, another of the generating functions, B(z), vanishes [2] , and the identity reduces to A(z c ) = 1/ cos(3π/8). Recall that A(z) is the generating function for loops whose asymptotic behaviour is believed to be [9] 
Thus, the Duminil-Copin-Smirnov identity in the limit L → ∞ and T → ∞ gives us the exact value for the amplitude term a 0 = A(z c ) for the honeycomb lattice. proved in [2] , B(z) = 0 for z z c . We then wish to understand exactly how
T should be linear with the slope −α as T → ∞. We only have data for the width T 10; so the gradient is still changing slightly with T in that plot. To accommodate this, we extrapolate estimates of the local gradient. We define the local gradient as
and plot gradB(T ) against 1/T 0.85 , where the exponent 0.85 was chosen empirically to make the plot linear. The plot is shown in figure 3 , and it is manifestly clear that the locus extrapolates to a value of α ≈ 1/4. More systematic numerical extrapolation techniques [8] (not detailed here) lend support to this estimate. This is precisely as predicted [6] , based on conjectures of Lawler, Schramm and Werner [15] as to the number of SAWs on the boundary of a domain. This is discussed in [6] , where it is pointed out that the conjecture implies that B T (z c ) should decay as T −1/4 as T goes to infinity, just as we observe.
, and this was observed numerically by a similar plot to that described in the preceding paragraph.
Square lattice
As discussed above, there is no parafermionic operator that applies to the SAW model on the square lattice or the triangular lattice, so we cannot identify the critical point for SAWs on these lattices as Duminil-Copin and Smirnov did for honeycomb SAWs. We might, however, expect that in the limit L → ∞ (so that we are again considering SAWs in a strip) there should be a similar relationship between the two generating functions A T (z) and B T (z), with some T dependence that vanishes as T → ∞. That is to say, while the relationship
which is an identity for honeycomb lattice SAWs for a finite width T , cannot be expected to hold for the square and triangular lattices, we might expect something like
to hold, where the 'constants' c α (T ) and c β (T ) are weakly T dependent. We have computed data for the square lattice generating functions in strips of width T, that is, A T (z) and B T (z), for T 15, and used our best estimate 1/z c = 2.638 158 530 31 [11, 12] to tabulate A T (z c ) and B T (z c ), shown in table 1. In [6] these generating functions for the honeycomb lattice were defined to include an extra half-step at the beginning of the walk and at the end of the walk. This introduces an extra factor of z (or, as appropriate z c ) and we have used this definition of the generating functions A T (z) and B T (z) for the square lattice data.
We then fitted successive pairs of values
and solved the associated linear equations for c α (T ) and c β (T ), using our best estimate of z c . In figures 4 and 5, we show plots of values of c α (T ) against 1/T 1.15 and c β (T ) against 1/T 0.85 . We have no basis for assuming that this is the correct form we should choose to extrapolate these plots; rather, the T dependence was chosen experimentally to give a linear plot. Extrapolated to T = ∞, we find c α ≈ 0.3734 and c β ≈ 0.9756. To obtain more precise estimates, we extrapolated these sequences using the Bulirsch-Stoer algorithm [3] . This algorithm requires a parameter w which can be thought of as a correction-to-scaling exponent. For the purpose of the current exercise, we have set this parameter to 1, corresponding to an analytic correction, which is appropriate for the two-dimensional SAW problem [4] . Our implementation of the algorithm is precisely as described by Monroe [16] , and we retained 40 digit precision throughout. We also applied a range of standard extrapolation algorithms to the sequences {c α (T )} and {c β (T )}. These were Levin's u-transform, Brezinski's θ algorithm, Neville tables, Wynn's algorithm and the Barber-Hamer algorithm [1] . Descriptions of these algorithms, and codes for their implementation, can be found in [8] . These gave results totally consistent with, but less precise than, those from the Bulirsch-Stoer algorithm.
In this way, we estimated c α = 0.373 362 ± 0.000 001 and c β = 0.975 644 ± 0.000 002. Thus the ratio c α /c β = 0.382 683 (2) . For the honeycomb lattice the corresponding ratio is cos(3π/8) = 0.382 6834 . . . , which is close to, and probably equal to, the square lattice value. We shall see in the next section that this apparent agreement also holds for the triangular lattice.
Assuming that c α /c β = cos(3π/8) for the square lattice, we calculated elements of the sequence cos(3π/8)A T (z c ) + B T (z c ) and extrapolated these using the same extrapolation method as described above. We found the limit of the sequence to be 1.024 966 ± 0.000 001, compared to a value of exactly 1 for the honeycomb lattice. Using this estimate, we plotted log(cos(3π/ 
which is an accurate mnemonic for square lattice strips. For the honeycomb lattice, it has been proved [2] that lim T →∞ B T (z c ) = B(z c ) = 0. The proof applies mutatis mutandis to the square and triangular lattices. Thus in the limit of infinite strip width we find 1 ≈ 0.373 3621A(z c ), giving a prediction for the critical amplitude A(z c ) ≈ 2.678 365. Current series estimates (unpublished) are 2.66 ± 0.03, some four orders of magnitude less accurate than this new estimate.
For the honeycomb lattice, the intersection point of cos(3π/8)A T (z) + B T (z) for any two distinct values of T uniquely determines z c . For the square and triangular lattices, we instead looked at the intersection point of cos(3π/8)A T (z)+B T (z) and cos(3π/8)A T +1 (z)+B T +1 (z).

Call this intersection point z c (T ).
Then, one expects lim T →∞ z c (T ) = z c . We extrapolated the sequence {z c (T )} using the same Bulirsch-Stoer method described above, and in this way, we estimated z c = 0.379 052 2775 ± 0.000 000 0005. This estimate can be compared to the best series estimates, based on the analysis of very long polygon series, z c (sq) = 0.379 052 277 76 [11, 12] , with uncertainty in the last digit. Thus, this method is seen to be a powerful new method for estimating critical points, giving very good accuracy, though it does not rival the most powerful methods based on the series analysis of polygon series. However, it does give comparable accuracy to methods based on the series analysis of SAWs (rather than self-avoiding polygons (SAPs)). 
T dependence of the generating functions A T (z c ) and B T (z c )
As for the honeycomb lattice, we expect B T (z c ) ∼ const/T 1/4 . In figure 6 , we have plotted estimates of the exponent
85 . This local gradient should approach −1/4 and from the plot is seen to do so. As for the honeycomb lattice, from (8) 
. This was observed numerically by a similar plot to that described in the preceding paragraph.
Alternative estimate of the critical point
We showed in section 2 that the critical point could be identified just from knowledge of the invariant (8) and the formulae for A 0 (z) and B 0 (z). In the case of the square lattice, we expect the simultaneous solution of the pair of equations
to give a sequence of estimates of z c (T ) that should converge to the critical point z c . Similarly, the parameter λ should converge to the ratio c α /c β = cos(3π/8). The merit of this method of estimating the critical point is that it makes no assumption about the value of λ, while the method of estimating the critical point described in section 3 assumes that λ = cos(3π/8). We solved these equations by seeking the solution of
which we call z c (T ), and then found λ(T ) by back substitution. The results are shown in table 2. We plotted (not shown) the estimates of z c (T ), against various powers of 1/T, and found a linear plot if we plotted against 1/T 2 . We extrapolated the estimates z c (T ) for steadily increasing T values using the same Bulirsch-Stoer extrapolation method described above. Rapid convergence was observed, and we estimate z c = 0.379 052 28 ± 0.000 000 01. This is consistent with the limit found from our previous method described above, though not quite as precise.
We have similarly extrapolated the estimates of λ(T ), and find λ ≈ 0.382 68, compared to the expected value cos(3π/8) = 0.382 682.
Triangular lattice
We have also generated data for the triangular lattice in strips of widths up to and including 11. Using the best estimate [14] of the critical point, z c = 0.240 917 5745, we show, in table 3, the values of A T (z c ) and B T (z c ) for each strip width. For the triangular lattice there are two edges incident upon the origin in a strip geometry and this complicates matters. To simplify things, we start and finish our SAW on the boundary in the case of the triangular lattice, in order to avoid the complications that arise when including an incident edge. So the extra factor of z c included in the definition of these amplitudes for the square and honeycomb lattice data is not present in the triangular lattice data.
As in the analysis of the square lattice data, we fitted successive pairs of values (A T (z c ), B T (z c )) and (A T +1 (z c ), B T +1 (z c )) for T = 1, . . . , 10 to
and solved the associated linear equations for c α (T ) and c β (T ) .
To obtain precise estimates, we again applied the Bulirsch-Stoer extrapolation algorithm to the sequences {c α (T )} and {c β (T )}. Combining the results from these different algorithms, we estimate c α = 0.201 2028(3) and c β = 0.525 770(3). Thus the ratio c α /c β = 0.382 682(3). For the honeycomb lattice the corresponding ratio is cos(3π/8) = 0.382 6834 . . . , which (as we also saw for the square lattice) is close to, and probably equal to, the triangular lattice value.
Assuming the ratio c α /c β = cos(3π/8) for the triangular lattice too, we extrapolated cos(3π/8)A T (z c )+B T (z c ) for increasing values of T, using our standard suite of extrapolation algorithms and the Bulirsch-Stoer algorithm. We estimated the limit to be 1.901 979 ± 0.000 001. We then repeated the analysis described above for the square lattice data mutatis mutandis and found
As remarked above, it has been proved [2] In this way, we estimated z c = 0.240 917 572 ± 0.000 000 005
for the triangular lattice. This can be compared to the best series estimate, based on the analysis of very long polygon series z c (tr) = 0.240 917 5745 [14] with uncertainty in the last quoted digit.
T dependence of the generating functions A T (z c ) and B T (z c )
As for the honeycomb and square lattices, we expect B T (z c ) ∼ const/T 1/4 . We plotted estimates of the exponent
0.85 , which should approach −1/4, and were seen to do so. The figure was visually indistinguishable from the corresponding figure 6 for the square lattice, so is not shown.
Similarly, it follows from (8) thatÃ
.970 11 decays as 1/T 1/4 as T tends to infinity. As we did for the square lattice case, we also confirmed this numerically. 
Alternative estimate of the critical point
In the previous section, we showed that, for the square lattice data, the simultaneous solution of the pair of equations
gives a sequence of estimates of z c (T ) that converges to the critical point z c . Similarly, the parameter λ converges to the ratio c α /c β = cos(3π/8), where the equality is conjectural. We solved these equations using the triangular lattice data, by seeking the solution of We analysed the sequences in precisely the same way as for the corresponding square lattice data, using the Bulirsch-Stoer algorithm. The merit of this method of estimating the critical point is that it makes no assumption about the value of λ, while the method of estimating the critical point described in section 4 assumes that λ = cos(3π/8). For the critical point we estimate z c = 0.240 917 575 ± 0.000 000 005. This is of comparable precision to our estimate given in section 4, but slightly less precise than the best series estimate [14] of z c = 0.240 917 5745, with uncertainty in the last digit.
Thus this method is again seen to be a powerful one for estimating critical points, giving very good accuracy. We have similarly extrapolated the estimates of λ(T ), and find λ ≈ 0.382 68, compared to the expected value cos(3π/8) = 0.382 682, exactly as for the square lattice.
Enumeration of self-avoiding walks
The algorithm we use to enumerate SAWs on the square lattice builds on the pioneering work of Enting [7] who enumerated square lattice SAPs using the finite lattice method. More specifically, our algorithm is based in large part on the one devised by Conway, Enting and Guttmann [5] for the enumeration of SAWs. The details of our algorithm can be found in [13] . Below we shall only briefly outline the basics of the algorithm and describe the changes made for the particular problem studied in this work.
The generating function for a rectangle was calculated using transfer matrix (TM) techniques. The most efficient implementation of the TM algorithm generally involves bisecting the finite lattice with a boundary (this is just a line in the case of rectangles) and moving the boundary in such a way as to build up the lattice vertex by vertex as illustrated in figure 7 . If we draw a SAW and then cut it by a line, we observe that the partial SAW to the left of this line consists of a number of loops connecting two edges (we shall refer to these as loop ends) in the intersection, and pieces which are connected to only one edge (we call these free ends). The other end of the free piece is an end point of the SAW so there are at most two free ends.
Each end of a loop is assigned one of the two labels depending on whether it is the lower end or the upper end of a loop. Each configuration along the boundary line can thus be represented by a set of edge states {σ i }, where
upper loop-end. 3 free end.
If we read from the bottom to the top, the configuration or signature S along the intersection of the partial SAW in figure 7 is S = {031212120}. Since crossings are not permitted, this encoding uniquely describes which loop ends are connected. A few changes to the algorithm described in [13] are required in order to enumerate the restricted SAWs we study here. Most importantly, the SAW must have a free end at the middle vertex of the top side of the strip. This is easily ensured by restricting the updating rules at this vertex (also signatures prior to passing this vertex can have at most one free end). Specifically, the middle vertex is reached when the TM boundary has been moved halfway through the strip. At this point the incoming edge to the left of the middle vertex is either empty, an upper loop-end or free. In the empty case, we have to insert a new free end (along either the horizontal or the vertical outgoing edge). In the upper case, the loop-end is terminated and the matching lower loop-end becomes a free end.
In the free case, the end is again terminated and all the edges connected to this free end form a SAW. However, this is only a valid configuration if all other edges are empty since otherwise we would form configurations with more than one component. Second, in enumerating SAWs of type A the second free end must lie in the top side of the rectangle; we chose to force the free end to lie to the left of the middle vertex and use symmetry to count all possible configurations. In counting bridges or SAWs of type B, the second free end must lie at the bottom of the strip. Third, in [13] , the SAWs were forced to span the rectangle, that is touch all sides, but this restriction is lifted in this study.
The sum over all contributing graphs is calculated as the boundary is moved through the lattice. For each configuration of occupied or empty edges along the intersection, we maintain a generating function G S for partial walks with signature S. In exact enumeration studies G S would be a truncated two-variable polynomial G S (z), where z is conjugate to the number of steps.
In a TM update, each source signature S (before the boundary is moved) gives rise to a few new target signatures S (after the move of the boundary line) and n = 0, 1 or 2 new edges are inserted leading to the update
Once a signature S has been processed it can be discarded. In most studies, the calculations were done using integer arithmetic modulo several primes with the full integer coefficients reconstructed at the end using the Chinese remainder theorem. Here we are not really interested in the exact coefficients. This makes life a little easier for us since we can use real coefficients with the generating functions truncated at some maximal degree M. The calculations were carried out using quadruple (or 128-bit) floating-point precision (achieved in FORTRAN with the REAL(KIND=16) type declaration).
In our calculations we truncated A T (z) and B T (z) at degree M = 1000 and used strips of half-length L = M. These choices of M and L more than suffice to ensure that numerical errors are negligible as evidenced by the fact that when we solve (4) (with z c replaced by z) to find z c for the honeycomb lattice the estimate for z c agrees with the exact value to at least 30 digits, that is, to within the numerical accuracy of the floating-point computation itself.
The computational complexity of the calculation required to obtain the number of walks in a strip of width T and length L can be easily estimated. Time (and memory) requirements are basically proportional to a polynomial in M and L times the maximal number of signatures, N Conf , generated during the calculation. It is well established [12] that N Conf ∝ 3 T so the algorithm has exponential computational complexity.
The transfer-matrix algorithm is eminently suited to parallel computations and here we used the approach first described in [12] and refer the interested reader to this publication for further detail. The bulk of the calculations for this paper were performed on the cluster of the NCI National Facility, which provides a peak computing facility to researchers in Australia. The NCI peak facility is a Sun Constellation Cluster with 1492 nodes in Sun X6275 blades, each containing two quad-core 2.93 GHz Intel Nehalem CPUs with most nodes having 3 GB of memory per core (24 GB per node). It took a total of about 1800 CPU hours to calculate A T (z) for T up to 15. The bulk of the time (almost 1250 h) was spent calculating A 15 (z) . In this case, we used 48 processors and the split between actual calculations and communications was roughly 2 to 1 (with quite a bit of variation from processor to processor). Smaller widths can be done more efficiently in that communication needs are fewer and hence not as much time is used for this task.
On a technical issue we note that quad precision is not a supported data type in the MPI standard. So in order to pass messages containing the generating functions, we used the MPI data type MPI-BYTE with each coefficient then having a length of 16 bytes.
The algorithm used for the triangular lattice is quite similar. The triangular lattice is represented as a square lattice with additional edges along one of the main diagonals. This poses an immediate problem since a boundary line drawn as in figure 7 would intersect 2T edges thus greatly increasing the number of possible signatures. In this case it is more efficient to draw the boundary line through the vertices of the lattice. We then again have T intersections, however a vertex may be in an additional state since a partial SAW can touch the boundary line without crossing it (see [14] for further details). The upshot is that the computational complexity grows exponentially as 4 T .
Conclusion
We started this study in order to consider to what extent, in some ill-defined sense, does there exist a parafermionic operator applicable to SAWs on the square and triangular lattices. For honeycomb lattice SAWs, (8) is an identity. For the square and triangular lattices we found, experimentally, that for walks in a strip of width T on the square lattice 
while for the triangular lattice the corresponding result is
